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Abstract
We consider the primality test of Williams and Zarnke for rational integers of the form
2h · 3n + 1. We give an algebraic proof of the test, and we resolve a sign ambiguity. We also
show that the conditions of the original test can be relaxed, especially if h is divisible by a
power of 2. c© 2001 Elsevier Science B.V. All rights reserved.
Keywords: Primality tests; Cubic reciprocity
1. Introduction
Williams and Zarnke [15] found a primality test for integers of the form 2h · 3n + 1
similar to Riesel’s test [10, Theorem 4.17] for integers of the form h · 2n − 1; also see
[11]. Williams and Zarnke did not include a proof of their test. But later Guthmann [6]
gave an algebraic proof (i.e. he used properties of the integers in a certain nonrational
number >eld) of a test which is essentially that of Williams and Zarnke.
A corresponding test for integers of the form 2h ·3n−1 was given by Williams [14];
also see [15]. Williams included an arithmetical proof of his test for 2h · 3n− 1; i.e. he
proved the test by essentially using properties of the rational integers only. Algebraic
proofs of some extensions of Williams’ result can be found in [12].
Williams and Zarnke’s test is valid for h in a certain interval. If h is divisible by a
power of 2, this interval can be expanded. Such a result was given by Guthmann [6,
Theorem 3], but, unfortunately, there is an error in Guthmann’s proof.
In this paper we give an algebraic proof of Williams and Zarnke’s primality test for
2h · 3n + 1 under somewhat relaxed conditions, and we resolve a sign ambiguity. In
addition we show how the interval for h can be expanded if h is divisible by a power
of 2.
In particular, this paper provides primality tests for integers of the form 2m3n + 1.
Rather strikingly, as described by Scimemi in [13], primes of this form play the same
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role in paper-folding as the Fermat primes play in ruler-and-compass constructions:
the regular N -gon is constructible by paper-folding if and only if N is of the form
N = 2h3kq1q2 : : : qr , where the qj are distinct primes of the form 2m3n + 1. Indeed,
primes of this form appear in several similar (and closely related) characterisations,
the oldest of which seems to that of Pierpont, in [9], in 1895, for regular N -gons
constructible by means of rational conics. Other characterisations of this kind appear
in [5,4,8]; for further discussion, see [13] or [8, pp. 140–141].
(Added: 22:VII:1999) Since the completion of this work, a paper [2] by Berrizbeitia
and Berry has appeared, giving a more compact proof of a result which is akin to, but
somewhat diIerent from, our Theorem 2 (unfortunately, the statement in [2] has been
printed incorrectly). We regret that we were not aware of the research of these authors
until the publication of their paper, although, because our interests are not identical
with theirs, we go further in some directions than they do.
2. Notation
Throughout this paper h; k; m; n will denote positive rational integers, and we put
M = 2h · 3n + 1. In particular, we then have M ≡ 1 (mod 6).
We put
=
−1 +√−3
2
:
Then  is a complex cube root of unity, so that 3 = 1 and 2 + + 1 = 0.
All primes in Z will be positive. In particular, q will be a rational prime such that
qAM and q ≡ 1 (mod 6):
We put q =  J, where the bar denotes complex conjugation, and where  and J are
nonassociate primary primes in Z[]; cf. Section 3. Further, we put
=

J
(1)
so that J= −1. Moreover, we de>ne Lucas numbers Vj by
Vj = j + Jj; j ∈ Z:
These Lucas numbers are rational integers if j ¿ 0; cf. (20).
We also let  ∈ Z[] be a primary prime divisor of M ; cf. Section 3. Then  and
 are nonassociate primes, since qAM .
Let a; b ∈ Z; b odd positive. Then(a
b
)
2
is the Legendre–Jacobi symbol; cf. [3, Chapter III] or any textbook on elementary
number theory.
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3. Arithmetic in Z []
We consider brieMy the cubic residue symbol; for details see [7]. We have that {1; }
is an integral basis for the quadratic >eld Q(
√−3), so the ring of integers in this >eld is
Z[] = {a+ b | a; b ∈ Z}:
The norm of an element = a+ b ∈ Z[] with a; b ∈ Z is
N () =  J= a2 − ab+ b2:
The ring Z[] is (norm-)Euclidean. The units in Z[] are the six 6th roots of unity
±1;±;±2.
Each prime in Z[] is a divisor of a unique rational prime p. We have
(i) If p= 3, then = 1−  is prime in Z[] and  J=−22 = p.
(ii) If p ≡ 1 (mod 3), then there exists a  ∈ Z[] such that  and J are nonassociate
primes in Z[] and  J= p.
(iii) If p ≡ 2 (mod 3), then p remains prime in Z[].
Furthermore, every prime in Z[] is associate to one of the primes in Z[] listed
above.
Let  be a prime in Z[], and suppose that A ∈ Z[]. Then Z[]=Z[] is the
>nite >eld with N () elements, so that
N ()−1 ≡ 1 (mod )
which is Fermat’s little theorem in Z[]. Suppose that A3. Then 3 |N () − 1, and
(N ()−1)=3 is a solution to the congruence
x3 ≡ 1 (mod ):
Since Z[]=Z[] is a >eld and A3, this congruence has exactly the three incongruent
solutions 1; ; 2 modulo . Thus
(N ()−1)=3 ≡  j (mod ) for some j ∈ Z
and where j is unique modulo 3.
We now de>ne the cubic residue character of  modulo  as(

)
3
=  j:
Let us call the prime  primary if  ≡ 2 (mod 3). If = a+ b with a; b ∈ Z, then
 is primary if and only if a ≡ 2 (mod 3) and b ≡ 0 (mod 3). Exactly one of the six
associates of a prime A3 is primary.
We are now in the position to state Eisenstein’s law of cubic reciprocity: Let  and
 be primary primes in Z[] such that N () 
= N (). Then(

)
3
=
(

)
3
:
Next we prove some lemmas. Recall that  is de>ned by (1).
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Lemma 1. If M is a rational prime; then
(M−1)=6 ≡
( q
M
)
2
 j (modM) for some j ∈ Z: (2)
Proof. Since M is a rational prime, we have M =  J. By Fermat’s little theorem in
Z[], we have
M−1 ≡ 1 (mod )
so that
6∏
i=1
((M−1)=6 − i) ≡ 0 (mod );
where 1; : : : ; 6 are the six units in Z[]. Since A3, these six units are pairwise in-
congruent modulo . Moreover, Z[]=Z[] is a >eld, and it follows that
(M−1)=6 ≡  (mod );
for some unique unit .
We have
= (−1)i j for some i; j ∈ Z:
Now
(−1)i = 3 ≡ (M−1)=2 ≡ ( J)
(M−1)=2
JM−1
≡ q(M−1)=2 ≡
( q
M
)
2
(mod );
where we also used Euler’s criterion. Since  |M , we have that A2. Hence,
(−1)i =
( q
M
)
2
and
(M−1)=6 ≡
( q
M
)
2
 j (mod ): (3)
Conjugation gives
−(M−1)=6 = J(M−1)=6 ≡
( q
M
)
2
−j (mod J)
so that
(M−1)=6 ≡
( q
M
)
2
 j (mod J): (4)
Since  and J are nonassociate, (3) and (4) give (2).
Lemma 2. If M is a rational prime; and
M (q−1)=3 
≡ 1 (mod q) (5)
then
(M−1)=6 ≡
( q
M
)
2
 j (modM) (6)
for some rational integer j 
≡ 0 (mod 3).
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Proof. By Lemma 1, we have that (6) holds for some rational integer j. Suppose that
j ≡ 0 (mod 3); that is
(M−1)=6 ≡
( q
M
)
2
(modM):
Squaring both sides we get
(M−1)=3 ≡ 1 (modM): (7)
Further we have
(M−1)=3 ≡ i (mod ) for some i ∈ Z (8)
and by (7), we also have
J(M−1)=3 ≡ i (mod ):
Conjugation gives
(M−1)=3 ≡ −i (mod J): (9)
Thus, by (8) and (9)(


)
3
= i;
(

J
)
3
= −i :
Since all of ; ; J are primary primes, the law of cubic reciprocity gives(

)
3
= i;
(
J

)
3
= −i
that is
(q−1)=3 ≡ i (mod ); J(q−1)=3 ≡ −i (mod )
and it follows that
M (q−1)=3 ≡ ( J)(q−1)=3 ≡ i−i ≡ 1 (mod ):
Conjugation shows that this congruence also holds modulo J, and since  and J are
nonassociate primes, we have
M (q−1)=3 ≡ 1 (mod q)
contradicting (5).
Lemma 3. If M is a rational prime and (5) holds; then
V(M−1)=3 ≡ −
( q
M
)
2
q(M−1)=6 (modM): (10)
Proof. By Lemma 2, we have(
(M−1)=6 −
( q
M
)
2

)(
(M−1)=6 −
( q
M
)
2
2
)
≡ 0 (modM)
and (10) follows by expansion and multiplication by J(M−1)=3.
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4. Tests for 2h · 3n + 1
In addition to the results of Section 3 for M =2h ·3n+1 we shall need the following
primality test in the proofs of the three theorems in this section.
Lemma 4. Suppose that 0¡h¡ 2 · 3n − 2 and that
(M−1)=3 ≡  j (mod ) for some j 
≡ 0 (mod 3): (11)
Then M is a rational prime.
Proof. By (11), we have
(M−1)=3 
≡ 1 (mod ); M−1 ≡ 1 (mod ):
Denoting the multiplicative order of  modulo  by e, this means that
e A 13 (M − 1) = 2h · 3n−1; e |M − 1 = 2h · 3n
so that 3n | e.
We also have
N ()−1 ≡ 1 (mod )
so that e |N ()− 1; thus 3n |N ()− 1.
We now assume M composite. Let p be the rational prime satisfying  |p. Then
M = pf for some rational integer f¿ 1. We look separately at the cases N () = p
and N () = p2.
Case 1. Suppose that N () = p. Then 3n |p − 1, so that p = 2u · 3n + 1 for some
rational integer u ¿ 1. It follows that f = 2v · 3n + 1 for some v ¿ 1, and we >nd
that h= 2uv · 3n + u+ v¿ 2 · 3n + 2.
Case 2. Suppose that N ()=p2. Then p ≡ 2 (mod 3), and 3n |p2−1=(p−1)(p+1).
Since p− 1 ≡ 1 (mod 3), we thus have 3n |p+1, and p=2u · 3n− 1 for some u¿ 1.
It follows that f=2v · 3n− 1 for some v¿ 1, and we >nd that h=2uv · 3n− u− v¿
2 · 3n − 2.
We now have the following theorem; cf. Guthmann [6, Theorem 3].
Theorem 1. Suppose that 0¡h¡ 2 · 3n − 2; and that
M (q−1)=3 
≡ 1 (mod q): (12)
Then M is a rational prime if and only if
(M−1)=3 ≡  j (modM) for some j 
≡ 0 (mod 3): (13)
Proof. If M is a rational prime number, then (13) follows from Lemma 2 by squaring
both sides of (6). If (13) holds, then (11) holds, and Lemma 4 shows that M is a
prime.
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For practical purposes it is better to use the following theorem; cf. the theorem of
Williams and Zarnke [15].
Theorem 2. Suppose that 0¡h¡ 2·3n−2; and that (12) holds. Then M is a rational
prime if and only if
V(M−1)=3 ≡ ±q(M−1)=6 (modM): (14)
Proof. If M is a prime, then (14) holds by Lemma 3.
On the other hand, suppose that (14) holds. Then this congruence also holds modulo
. By squaring both sides and dividing by J2(M−1)=3, we >nd that
((M−1)=3 − )((M−1)=3 − 2) ≡ 0 (mod )
so that (11) holds. Hence, by Lemma 4, M is a rational prime number.
As the next theorem shows, Lemma 3 also resolves the sign ambiguity in Theorem 2.
Theorem 3. Suppose that 0¡h¡ 2·3n−2; and that (12) holds. Then M is a rational
prime if and only if
V(M−1)=3 ≡ −
( q
M
)
2
q(M−1)=6 (modM): (15)
Proof. If M is a prime, then (15) holds by Lemma 3. On the other hand, suppose that
(15) holds. Then (14) holds, and M is a prime by Theorem 2.
Examples. The numbers M = 2h · 32h + 1 are analogous to the Cullen numbers. For
1 6 h 6 7000, we found that M is prime for h= 1; 4; 16; 27; 57; 207; 700; 925; 1424;
2437; 3634. Except for h=27; 700; we can use Theorem 2 (or Theorem 3) with q=7
to prove that M is prime for these values of h. For the two exceptional values of h
we can use q = 13. For the three largest values of h, the primes M have 1363; 2330;
and 3472 decimal digits, respectively.
Remark. The >nal part of the proof of Lemma 4 shows that the interval for h in the
theorems in this section can be considerably expanded by imposing some simple extra
conditions on M . For example, if we assume that M is not a complete square, then
Lemma 4 and the three theorems in this section hold for h in the interval 0¡h¡
4 · 3n − 3.
5. Tests for k · 2m3n + 1
In this section we consider the case h= k · 2m−1. The results of Section 4 are now
valid for 0¡k¡ (3n − 1)=2m−2. By introducing a slight restriction of the hypotheses,
we shall see that this interval can be expanded by a factor 22m−1.
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We de>ne a rational integer l0 by
2m−1l0 ≡ −1 (mod 3n); 0¡l0¡ 3n:
Lemma 5. Let M=k ·2m3n+1, 0¡k¡ 2m+13n−3. Assume that M is not a complete
square, that l0 · 2m + 1 is not a divisor in M, and that
(M−1)=6 ≡ − j (mod ) for some j 
≡ 0 (mod 3): (16)
Then M is a rational prime.
Proof. By (16), we have
(M−1)=3 
≡ 1 (mod ); (M−1)=2 
≡ 1 (mod ); M−1 ≡ 1 (mod );
so that 2m3n | e, where e is the multiplicative order of  modulo .
We also have
N ()−1 ≡ 1 (mod )
so that e |N ()− 1; thus 2m3n |N ()− 1.
We now assume M composite. Let p be the rational prime satisfying  |p. Then
M = pf for some rational integer f¿ 1. Just as in Section 4, we look separately at
the cases N () = p and N () = p2.
Case 1. Suppose that N ()=p. Then 2m3n |p−1, so that p= u ·2m3n+1 for some
rational integer u ¿ 1. It follows that f = v · 2m3n + 1 for some v ¿ 1, and we >nd
that k = uv · 2m3n + u+ v.
Since M is not a complete square, we have u 
= v, and it follows that k ¿ 2m+13n+3.
Case 2. Suppose that N () = p2. Then p ≡ 2 (mod 3) and  = p. Since
2m3n |N ()− 1 = (p− 1)(p+ 1), we thus have 3n |p+ 1.
Moreover,
Jp
2−1 = JN ()−1 ≡ 1 (modp)
so that
(1=2)(p−1)(p+1) ≡ ( J)(1=2)(p−1)(p+1) ≡ (qp−1)(1=2)(p+1) ≡ 1 (modp):
Thus e | 12 (p− 1)(p+ 1), and we have that
2m | 12 (p− 1)(p+ 1): (17)
We now look separately at two subcases.
Case 2A. Suppose that 2m |p+1. Then 2m3n |p+1, and p= u · 2m3n − 1 for some
u¿ 1. We get f = v · 2m3n − 1 for some v¿ 1, and k = uv · 2m3n − u− v. Since M
is not a square, we get k ¿ 2m+13n − 3.
Case 2B. Suppose that 2mAp+1. Then m¿ 2 so that p ≡ 1 (mod 4). Hence (p+1)=2
is odd, and, by (17), 2m |p− 1. We now have
2u · 3n − 1 = p= r · 2m + 1 for some u; r ¿ 1
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and
2v · 3n − 1 = f = s · 2m + 1 for some v; s¿ 1:
By hypothesis, we have p;f 
= l0 · 2m + 1. Thus r = a · 3n + l0, s = b · 3n + l0 for
a; b¿ 1, and a 
= b since M is not a square. Therefore we have
M ¿ ((2 · 3n + 1)2m + 1)((3n + 1)2m + 1)
and we >nd that k ¿ 2m+13n + 2m3 + 3.
By Lemma 2 and Lemma 5, we now have the following theorem. Notice that the
condition (q=M)2 =−1 implies that qAM and that M is not a complete square.
Theorem 4. Let M = k · 2m3n + 1; 0¡k¡ 2m+13n − 3. Suppose that
l0 · 2m + 1AM;
( q
M
)
2
=−1; M (q−1)=3 
≡ 1 (mod q): (18)
Then M is a rational prime if and only if
(M−1)=6 ≡ − j (modM) for some j 
≡ 0 (mod 3):
The next and >nal test involves calculations in Z only.
Theorem 5. Let M = k · 2m3n + 1, 0¡k¡ 2m+13n − 3; and suppose that (18) holds.
Then M is a rational prime if and only if
V(M−1)=3 ≡ q(M−1)=6 (modM): (19)
Proof. If M is a prime, the result is clear by Lemma 3. On the other hand, suppose
that (19) holds. Then
V(M−1)=3 ≡ q(M−1)=6 (mod );
which can be written as
((M−1)=6 + )((M−1)=6 + 2) ≡ 0 (mod ):
Thus (16) holds, and by Lemma 5, M is a rational prime number.
Example. Let M = 1571 · 2332732100 + 1. This integer has 2007 decimal digits. The
integer l0 has 1001 decimal digits, and l0 ·23327+1AM . The smallest prime q satisfying
the two additional requirements in (18) is q= 13. Then =−1 + 3, and using (20),
(21), and (22), one >nds that (19) does hold. Thus M is a prime.
Remarks. A remark corresponding to the one at the end of Section 4 also applies to the
results in this section. For example, if we also assume that 2m3n±1 and 2m(3n+l0)+1
are not divisors of M , then the results in this section are valid for k in the interval
0¡k¡ 2m+13n+1 − 5.
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Instead of using Theorem 5, one may sometimes use Theorem 2 (Theorem 3) or
Proth’s well-known primality test for integers of the form h · 2m + 1. In particular, for
the “paper folding integers” M = 2m3n + 1, we can use Theorem 2 (or Theorem 3) if
2m¡ 3n, and Proth’s theorem if 2m¿ 3n.
6. Concluding remarks
Let  = a+ b for a; b ∈ Z. Then the Lucas sequence {Vj} satis>es
V0 = 2; V1 = 2a− b; Vj+1 = (2a− b)Vj − qVj−1 (j ¿ 1): (20)
For a given M the conditions (14), (15), (19) can quickly be checked by the following
procedure. First compute V2h either by (20) or by using the binary expansion of 2h
and the formulas
V2j = V 2j − 2q j; V2j+1 = VjVj+1 − (2a− b)q j: (21)
Then use the recurrence relation
V3j = Vj(V 2j − 3q j) (22)
to compute V(M−1)=3 = V2h·3n−1 .
Alternatively, as in [15], after computing V2h, use the Euclidean algorithm to >nd
q−1 (modM). Then compute
P1 ≡ q−hV2h (modM)
and Pn by the recurrence relation
Pj+1 ≡ Pj(P2j − 3) (modM); j ¿ 1:
Then (14) holds if and only if
Pn ≡ ±1 (modM)
the congruence (15) holds if and only if
Pn ≡ −
( q
M
)
2
(modM)
and (19) holds if and only if
Pn ≡ 1 (modM):
In applications of the various tests the rational prime q ≡ 1 (mod 6) will be small,
and it is easy to >nd a primary  ∈ Z[] such that q=  J. All the same, let us add a
few remarks on this problem.
It is suRcient to >nd a; b ∈ Z such that
q= a2 − ab+ b2 (23)
for then we have  = (a+ b) for some unit =±1;±;±2.
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The binary quadratic form
x2 − xy + y2 (24)
is the conjugate of the unique reduced binary quadratic form
x2 + xy + y2 (25)
of discriminant −3.
Determine an odd c ∈ Z such that
c2 ≡ −3 (mod q): (26)
The form
f(x; y) = qx2 + cxy +
c2 + 3
4q
y2
also has discriminant −3, and there is a simple and quick procedure of reduction
transforming f(x; y) into (25), and thus into (24). Now we have q= f(1; 0), and the
reduction process gives us a sequence (1; 0)→ · · · → (a; b), where (a; b) satis>es (23).
A nice introduction to binary quadratic forms can be found in [3, Chapter VI].
Thus we are left with the problem of solving (26). For solving this problem we have
algorithms of Cipolla=Lehmer, of Tonelli=Adleman, Manders, Miller, and of Schoof;
cf. [1, Chapter 7]. The >rst two algorithms run in probabilistic polynomial time, while
Schoof’s algorithm solves (26) in deterministic polynomial time. Schoof’s algorithm
uses the theory of elliptic curves and is diRcult to implement. In the other two algo-
rithms we >rst have to guess a certain quadratic nonresidue mod q. After this nonresidue
has been found, the rest of the job is done in polynomial time.
In cases like (26) it seems to us that the Cipolla=Lehmer algorithm is the most
popular: Guess a P ∈ Z such that(
P2 + 12
q
)
2
=−1:
Let L0 = 2, L1 = P, Li+1 = PLi + 3Li−1 (i ¿ 1). Then
c = 12(q− 1) · L(q+1)=2
is a solution to (26) when q ≡ 1 (mod 6).
All together the tests presented in this paper decide whether 2h · 3n + 1 (or
k · 2m3n + 1) is prime or not in probabilistic polynomial time.
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